Let M 2 be a complete simply connected Riemannian surface with curvature K M 2 ≤ −κ ≤ 0, for some constant κ (i.e., M 2 is a Hadamard surface). We consider a compact CMC (constant mean curvature) H surface Σ embedded in M 2 ×R, with
Introduction
Let Σ be a compact CMC-H surface in M 2 × R, with Γ = ∂Σ ⊂ M 2 × {0}. M 2 is a Hadamard surface with curvature K M 2 ≤ −κ ≤ 0. Let Σ 1 be the connected component of the part of Σ above the plane Q = M 2 × {0}, and h the height of Σ 1 above Q. We will determine a volume V 1 bounded by Σ 1 and prove
Here |Σ 1 | is the area of Σ 1 . We also say when equality occurs. We then let M 2 = H 2 , be the hyperbolic plane of curvature −1, with Σ ⊂ H 2 × R a compact CMC-H surface as above, we give a condition that guarantees that Σ lies in a half-space determined by Q.
We introduce some definitions and notation.
Let γ ⊂ Q be a complete geodesic. We call P = γ × R, a vertical plane of M 2 × R. Let β(t) be a complete geodesic of Q, with β(0) in the vertical plane P and β (0) orthogonal to P . Let P β (t) be the vertical plane of M 2 × R, passing through β(t), and orthogonal to β at β(t).
We call P β (t) the vertical plane foliation determined by P and β.
The Main Result
Let Σ ⊂ M 2 × R be a CMC-H surface as above and suppose Σ meets Q transversaly along Γ = ∂Σ ⊂ Q.
We denote Σ + = Σ ∩ (M 2 × R + ) and Σ − = Σ ∩ (M 2 × R − ). So there is a connected component of Σ + or Σ − that contains Γ. We can assume, without loss of generality, that Γ ⊂ ∂Σ + . We call Σ 1 the connected component of Σ + that contains Γ. LetΣ 1 be the symmetry of Σ 1 through the plane Q. ThenΣ 1 ∪ Σ 1 is a compact embedded surface with no boundary, with corners along ∂Σ 1 , and bounds a domain U in M 2 × R. Let U 1 the intersection of U with the half-space above Q. Thus U 1 is a bounded domain in M 2 × R, whose boundary, ∂U 1 , consists of the smooth connected surface Σ 1 , and the union Ω of finitely smooth, compact and connected surfaces in Q. We define A + to be the area of Σ 1 .
Theorem 2.1. Let M 2 be a Hadamard surface with Gaussian curvature K M ≤ −κ ≤ 0. Let Σ be a compact H-surface embedded in M 2 × R, with boundary belonging to Q = M 2 × {0} and transverse to Q. If h denotes the height of Σ with respect to Q, we have that
where A + and U 1 are as defined above. The equality holds if, and only if, K ≡ −κ inside U 1 and Σ is a rotational spherical cap.
Proof. From the surface Σ we obtain the surface Σ 1 , the bounded domain U 1 ⊂ M 2 × R and the union Ω of finitely smooth, compact and connected surfaces in Q, as described above. Denote H the mean curvature vector of Σ 1 and we take the unit normal N of
, we can write
where T is a tangent vector field on Σ 1 . Since ∂ ∂t is the gradient in M 2 × R of the function t, it follows that T is the gradient of h 1 on Σ 1 .
If H is zero then h, the height of Σ, is a harmonic function and by the maximum principle we get that Σ ⊂ M 2 × {0}. So, we suppose that H > 0.
Let A(t) be the area of Σ t = {p ∈ Σ 1 ; h 1 (p) ≥ t} and Γ(t) = {p ∈ Σ 1 ; h 1 (p) = t}. By [6] , theorem 5.8, we get
where O is the set of all regular values of h 1 . If we denote by L(t) the length of the planar curve Γ(t), the Schwartz inequality yields
But we have from (2) that, along the curve Γ(t),
where η t is the inner conormal of Σ t along ∂Σ t . Since Σ t is above the plane Q(t) we know that η t , ∂ ∂t ≥ 0. Hence
Thus (3) can be rewritten as follows
Now we recall the Flux Formula. Let Σ t and Ω(t) be two compact, smooth, embedded not necessarily connected surfaces in M 2 ×R such that their boundaries coincide. Assume that there exists a compact domain U (t) in M 2 × R such that the boundary of U (t) is ∂U (t) = Σ t ∪Ω(t) and it is orientable. Notice that the boundary of U (t) is smooth except perhaps along ∂Σ t = ∂Ω(t).
Let N Σt , N Ω(t) be the unit normal fields to Σ t and Ω(t), respectively, that point inside U (t). Denote by η t the unit conormal to Σ t along ∂Σ t , pointing inside Σ t . Finally assume that Σ t is a compact surface with constant mean curvature
Using (5), take Y = ∂ ∂t , we obtain
where Ω(t) is the area of the planar region Ω(t). Thus if we substitute in (4), we have
Now we will show that
We denote by
where Ω 1 (t), . . . , Ω nt (t) are bounded domains which are determined in the plane Q(t) by the closed curve Γ(t), and Ω i (t) (with i = 0 . . . , n t ) the area of the corresponding
. We know by [2] that the equation (7) is true if n t = 1. Suppose that the result is true for n t = m. We will prove this is true for m + 1.
Let L(t) be the length of
The equation (1.8) and (1.9) implies, respectively,
Adding (1.8), (1.9) and (1.10) we get
and this proves (1.7). Using (1.6) and (1.7) we have
Integrating this inequality from 0 to h = max
which is the inequality that we looked for. If the equality holds, then all the inequalities above become equalities. In particular, by [2] , Γ(t) is the boundary of a geodesic disk in M 2 × {t}, for every t ≥ 0, and
Let D ⊂ M 2 × {0} be the geodesic disk such that ∂D = ∂Σ and let p ∈ D the center of D. Let γ be a horizontal complete oriented geodesic passing through the point p with γ(0) = p and P γ (t) the oriented foliation of vertical planes along the γ. Let P γ (t 1 ) be a vertical plane in this horizontal foliation such that does not touch Σ. Then, doing Alexandrov reflection with the planes P γ (t), starting at t = t 1 , and decrease t we obtain, by the symmetries of ∂D, that Σ is symmetric with respect to P γ (0). Since γ is an arbitrary horizontal complete geodesic passing through the point p, we have that Σ is a rotational spherical cap. where A + and U 1 are as defined in the previous theorem.
3 Horizontal H-cylinders in H 2 × R Now we use a translation invariant H-hypersurface given by P. Bérard and R. Sa Earp in [3] and we give some conditions that implies that Σ lies above Q = H 2 × {0} when ∂Σ ⊂ Q. We recall some ideas here.
Let γ 1 be a geodesic passing through 0 ∈ H 2 × {0} in Q = H 2 × {0} and let
2 } the vertical plane , where s is the signed hyperbolic distance to 0 on γ 1 . Take a geodesic γ 2 such that γ 2 (0) = γ 1 (0), γ 2 (0)⊥γ 1 (0). We consider the hyperbolic translation with respect to the geodesic γ 2 . In the vertical plane P 1 we take the curve α(s) = (s, f (s)), where f is a real function.
In H 2 × {f (s)} we translate the point α(s) by the translations with respect to γ 2 × {f (s)} and we get the equidistant curves (γ 2 ) α(s) passing through α(s), at distance s from γ 2 × {f (s)}. The curve α then generates a translation surface C =
Principal Curvatures: The principal directions of curvature of C are tangent to the curve α in P 1 and the directions tangent to (γ 2 ) α(s) . The corresponding principal curvatures with respect to the unit normal pointing downwards are given by
The first equality comes from the fact that P 1 is totally geodesic and flat. The second equality follows from the fact that (γ 2 ) α(s) is at distance s from γ 2 ×{f (s)} in H 2 ×{f (s)}. Mean Curvature: The mean curvature of the translation surface C associated with f is given by
We assume that H = constant. Observe that in our case H > 0. The generating curves of translation surfaces with mean curvature H are given by the differential equation
We want that f (0) = 0, thus we take d 1 = 0. Therefore
We have two first-order linear ordinary differential equations given by . Resolving the equations above we get, respectively
where d 2 and d 3 are constant.
We want that lim
Hence
and
We have two curves: α + (s) = (s, f + (s)) and α − (s) = (s, f − (s)). The curve α = α + ∪ α − generates a complete embedded translation invariant H-surface, C H . We call this surface an H-cylinder.
We observe that the height of C H is given by
Since arctan
By Aledo, Espinar and Gálvez [1] we have that the height of the rotational H-sphere, S H , is 8H
Now, we use these C H cylinders to prove the following. Remark: In this subsection the height of a compact H-surface Σ embedded in H 2 ×R is the height difference between the heighest point and the lowest point.
, whose boundary is a convex planar curve contained in the plane Q = H 2 × {0}. Assume 2h Σ < h S H , where h Σ and h S H are the height of the surfaces Σ and the H-sphere, respectively. Then Σ stays in a half-space determined by Q and is transverse to Q along the boundary. Moreover, Σ inherits the symmetries of its boundary.
To prove this, we need the following lemma.
, with planar boundary. If 2h Σ < h S H , where h Σ and h S H are the height of the surfaces Σ and Hsphere, respectively, then the surface Σ lies inside the right vertical cylinder determined by the convex hull of its boundary. Proof. Suppose that there is some point of Σ projecting on a point q 1 ∈ Q outside the convex hull V of the boundary of Σ, and choose q 2 ∈ V minimizing the distance to q 1 . Denote by γ 1 the geodesic of Q passing through q 1 and q 2 , γ 1 (0) = q 2 , γ 1 (a) = q 1 , a > 0. Let γ 2 ⊂ H 2 × {0} be a complete geodesic with γ 2 (0) = γ 1 (0), γ 2 (0)⊥γ 1 (0). Consider C H a horizontal constant mean curvature cylinder generated by α ⊂ P 1 = γ 1 × R, as described above, with curvature H.
We consider a half-cylinder C γ 1 generated by α(s), s ∈ [0, s H ] or s ∈ [−s H , 0]. We move C γ 1 by horizontal translation along γ 1 far enough so that it does not touch the surface Σ and we place its concave side in front of Σ.
The surface Σ is inside a slab B parallel to Q with height less than h S H 2 . This slab is not necessarily symmetric with respect to Q but we may utilize half-cylinders with axis in the central plane of B, then making a vertical translation if necessary, we can suppose that B is symmetric with respect to Q, see figure 2. Now we proceed to approach the half-cylinder C γ 1 to Σ by the horizontal translation along γ 1 and in this way we get a first (and so tangential) contact point between the two surfaces.
As γ 2 lies inside Q and there is a point of Σ projecting on the point q 1 outside the convex hull of the boundary, this contact point so obtained is a nonboundary point of the surface Σ. It is also an interior point of the half-cylinder C γ 1 , because Σ is inside the
On the other hand, this half-cylinder has constant mean curvature H, with respect to the normal field pointing to its concave part. As we already know that Σ is in that concave part, by elementary comparison we have the same choice of normal at the contact point gives mean curvature H for Σ. But this is a contradiction to the maximum principle. As a consequence, all the points of the surface Σ must project on the convex hull of its boundary.
Proof of Theorem 3.1. By the previous lemma we know that, if Ω is a compact convex domain in Q with ∂Ω = ∂Σ, then Σ ∩ ext (Ω) = ∅. Then one can consider a hemisphere S under the plane Q whose boundary disc D is contained in Q and is large enough that Ω ⊂ int (D) and S ∩Σ = ∅. Thus Σ∪(D −Ω)∪(S −D) is a compact embedded surface in H 2 ×R and so determines an interior domain, we call U . Choose a unit normal N for Σ in such a way that N point into U at each point. If there are points of the surface Σ in both half-spaces determined by Q, then N takes the same value at the points where the height function attains its maximum and minimum respectively. Reversing N if necessary, we can conclude that the normal of Σ (for which H > 0) takes the same value at the highest and the lowest points of the surface. Lower a sphere S 2 H to the highest point or pushing it up to the lowest one we obtain a contradiction using the interior maximum principle. Thus the surface lies in one of the half-spaces determined by the plane Q and rises in it less than h S H 2 . Using again halfcylinders C H with axis in a plane parallel to Q and height h S H 2 , the boundary maximum principle shows us that the surface is transversal along its boundary.
Let γ be a horizontal complete oriented geodesic passing through the origin O ∈ H 2 ×R and P γ (t 1 ) be a vertical plane such that P γ (t 1 ) ∩ Σ = ∅ . We take the oriented foliation of vertical planes along γ given in definition 1.4, with P = P γ (0). Now, by applying Alexandrov reflection with these planes, starting t = t 1 and decreasing t, we obtain that Σ has all the symmetries of its boundary. Proof. If the Σ is a graph the proof follow by [1] , Theorem 2.1. Suppose now that h Σ < h S H 2 . By Theorem 3.1 we have that Σ must be contained in one of the halfspaces determined by the boundary plane and, moreover, by Lemma 3.1 Σ is inside the right vertical cylinder determined by the convex hull of its boundary. Using Alexandrov reflection with horizontal planes we get that Σ is a graph.
